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We provide a new method to onstrut the S-matrix in quantum eld theory. This method
implements rossing symmetry manifestly by erasing the a priori distintion between in- and out-
states. It allows the desription of proesses where the interation weakens with distane in spae,
but remains strong in the enter at all times. It should also be appliable to ertain spaetimes
where the onventional method fails due to lak of temporal asymptoti states.
PACS numbers: 11.55.-m
While the true state spae of interating quantum eld
theories usually is not known, the S-matrix provides an
exellent tool to desribe interations using the state
spae of the orresponding free theory. The S-matrix
is dened as a map from an initial state spae of the free
theory to a nal one using the interation piture where
free states are invariant under free time-evolution. Its
elements are limits of transition amplitudes between free
states at early and at late times. The interation is only
turned on at intermediate times and the limit is deter-
mined by letting the initial and nal times go to −∞ and
+∞ respetively.
This piture is adequate if the proess to be desribed
is suh that the interation beomes negligible at very
early and at very late times. It is not adequate if the
interation remains important at all times. An example
of this would be a stationary bound state or, more ex-
tremely, a stationary blak hole. Another shortoming
of the onventional S-matrix is that it annot be dened
for spaetimes that do not support temporal asymptoti
states, suh as Anti-de-Sitter spae.
We provide here a method to onstrut the S-matrix
that is appliable to proesses where the interation be-
omes negligible with distane from a enter, but may
remain signiant there at all times. This method re-
lies on a notion of spatial asymptoti states that we will
explain. It is also appliable to ertain spaetimes that
do not support temporal asymptoti states. For exam-
ple, it should allow to put the boundary S-matrix found
for Anti-de-Sitter spae [1℄ on a solid oneptual footing.
However, there are also situations where the new method
does not apply, but the onventional does. In partiular,
this is the ase if spae is ompat (e.g. de-Sitter spae)
or if spatial asymptoti states do not exist for some other
reason.
In this letter we present our method in Minkowski
spae and show that it yields the same result there as
the usual one when both an be applied. This is the ase
when the interation an be negleted far away from the
enter both in spae and in time. A oneptual advan-
tage of our method over the onventional one is that it
exposes rossing symmetry as a manifest feature of the
S-matrix rather than a derived one. This is due to the
fat that in the present method there appears only one
state spae in whih in- and out-states are distinguished
only by their quantum numbers.
Our method is based on the general boundary formu-
lation of quantum theory [2℄ and its appliation to quan-
tum eld theory [3, 4℄. The mathematial underpinning
of this framework is a suitably adapted inarnation of Se-
gal's approah to onformal eld theory [5℄. In short, this
means we assoiate states to hypersurfaes in spaetime
that are not restrited to be spaelike. Also, for a region
in spaetime we assoiate an amplitude to a state that
lives on its boundary. Ordinary transition amplitudes
arise as speial ases when the region in question is deter-
mined by a time interval. The mathematial formalism
is supplemented by a physial interpretation, whih al-
lows to extrat probabilities from generalized amplitudes
[2, 6℄.
Two geometries are of relevane here: (a) the spae-
time region [t1, t2] × R
3
given by a time interval [t1, t2]
extended over all of spae and (b) the spaetime region
R×B3R, i.e., the ball of radius R in spae extended over
all of time. We shall refer to the latter as the solid hy-
perylinder and to its boundary R × S2R simply as the
hyperylinder. The rst geometry appears in the stan-
dard transition amplitude between initial time t1 and -
nal time t2. State spaes, amplitudes and probabilities
assoiated with the seond type of geometry where intro-
dued in [4℄ for free salar quantum eld theory.
We start by reviewing the ordinary approah to the
S-matrix, deriving it as a limit of transition amplitudes
between oherent states. This provides a blueprint for
the subsequent setion, where the asymptoti amplitude
is derived that arises from oherent states on hyperylin-
ders of inreasing radius. Finally, the resulting amplitude
and the onventionally derived S-matrix are shown to o-
inide.
For simpliity, we limit ourselves to the massive real
salar eld. The generalization to other types of elds
should be straightforward. We use Shrödinger (wave
funtion) representations for states [7℄ and the Feynman
path integral for amplitudes. We mostly follow onven-
tions and notations of [3, 4℄ and use the tehniques laid
out there.
2STANDARD S-MATRIX
The following derivation of the S-matrix is similar in
spirit to the method based on the holomorphi represen-
tation [8℄. Standard transition amplitudes take the form
〈ψ2|U[t1,t2]|ψ1〉 = N[t1,t2]
·
∫
Dϕ1Dϕ2 ψ1(ϕ1)ψ2(ϕ2)
∫
φ|ti=ϕi
Dφ eiS(φ), (1)
where U[t1,t2] is the time-evolution operator from time t1
to time t2. N[t1,t2] is a normalization fator suh that
the vauum-to-vauum amplitude equals one. The outer
integrals are over all eld ongurations ϕ1 and ϕ2 in
spae. The inner integral is over all eld ongurations φ
in the spaetime region [t1, t2]×R
3
subjet to the bound-
ary onditions φ|t1 = ϕ1 and φ|t2 = ϕ2.
We use the interation piture to have a time indepen-
dent desription of free states. It will be onvenient to use
oherent states [9℄. A oherent state ψη is parametrized
by a omplex funtion η on momentum spae. At time t
its wave funtion takes the form
ψt,η(ϕ) = Nt,η
· exp
(∫
d3xd3k
(2pi)3
η(k) e−i(Et−kx) ϕ(x)
)
ψ0(ϕ), (2)
where ψ0 is the vauum wave funtion and Nt,η is a nor-
malization fator suh that the state has unit norm.
Sine we are in the interation piture, the amplitude
(1) for the free ation is independent of initial and nal
time and amounts to the S-matrix of the free theory,
〈ψη2 |S0|ψη1〉 = exp
(∫
d3k
(2pi)32E(
η1(k) η2(k)−
1
2
|η1(k)|
2 −
1
2
|η2(k)|
2
))
. (3)
We now modify the free theory by adding a soure eld
µ. That is, we take the ation
Sµ(φ) = S0(φ) +
∫
d4xφ(x)µ(x), (4)
where S0 denotes the ation of the free theory. The re-
sulting transition amplitude again does not depend on
initial and nal time as long as the soure eld is on-
ned to the intermediate time interval. Replaing the
free ation in (1) by (4) yields the S-matrix of the theory
with soure,
〈ψη2 |Sµ|ψη1〉 = 〈ψη2 |S0|ψη1〉 exp
(
i
∫
d4xµ(x)ηˆ(x)
)
· exp
(
i
2
∫
d4xd4x′ µ(x)GF (x, x
′)µ(x′)
)
, (5)
where GF is the Feynman propagator normalized suh
that (x +M
2)GF (x, x
′) = δ4(x− x′). ηˆ is the omplex
solution of the Klein-Gordon equation given by
ηˆ(t, x) =∫
d3k
(2pi)32E
(
η1(k)e
−i(Et−kx) + η2(k)e
i(Et−kx)
)
. (6)
We note that the initial and nal oherent states deter-
mine the positive and negative energy ontributions to
the solution. Conversely, (6) allows us to reover a pair
of oherent states from a omplex solution.
This result ombined with funtional methods an be
used to work out the S-matrix for the general interating
theory. Consider the ation
S(φ) = S0(φ) +
∫
d4xV (x, φ(x)) =
S0(φ) +
∫
d4xV
(
x,
∂
∂µ(x)
)
Sµ(φ)
∣∣∣∣
µ=0
, (7)
We assume at rst that the interation is ut o at early
and at late times, i.e., V ((t, x), a) = 0 if t ≤ t1 or t ≥ t2.
The transition amplitude (1) with (7) inserted then yields
〈ψη2 |S|ψη1〉 = exp
(
i
∫
d4xV
(
x,−i
∂
∂µ(x)
))
〈ψη2 |Sµ|ψη1〉
∣∣∣∣
µ=0
. (8)
Again, there is no expliit dependene on t1 or t2 so we
an drop the uto and interpret the result as the S-
matrix of the interating theory.
S-MATRIX FROM TIMELIKE
HYPERCYLINDERS
In this setion we make heavy use of the results of [4℄.
The amplitude assoiated with the solid hyperylinder of
radius R for a state ψ takes the form,
ρR(ψ) = NR
∫
DϕψR(ϕ)
∫
φ|R=ϕ
Dφ eiS(φ). (9)
where NR is a normalization fator, suh that the ampli-
tude of the vauum state equals one. The outer integral
is over eld ongurations ϕ on the hyperylinder of ra-
dius R. The inner integral is over eld ongurations φ
in the interior R × B3R of the hyperylinder mathing ϕ
on the boundary.
The interation piture is now dened by desribing
free states in a radius-independent form. That is, we
identify states whih are related by radial evolution. (To
do this one needs the amplitude assoiated to a hyper-
tube [4℄.) Again we use oherent states. A oherent
3state ψξ in this setting may be haraterized by a set of
funtions ξl,m(E) that arry angular momentum quan-
tum numbers l,m and depend on the energy E. The
energy may be positive or negative, but ξl,m(E) = 0 if
|E| < M . The latter ondition omes from the fat that
the partile spetrum on the hyperylinder is onned
to non-negative values of p2 = E2 −M2 [4℄. The wave
funtion of the oherent state at radius R takes the form
ψR,ξ(ϕ) = NR,ξ exp
(∫
dt dΩdE
∑
l,m
ξl,m(E)
eiEtY −ml (Ω)
2pihl(pR)
ϕ(t,Ω)
)
ψR,0(ϕ), (10)
where ψR,0 is the vauum wave funtion at radius R and
NR,ξ is a normalization fator suh that the state has unit
norm. Here, Y ml denotes the spherial harmoni and hl
the spherial Bessel funtion of the third kind. The inner
produt of oherent states is then
〈ψR,ξ′ , ψR,ξ〉 = exp
(∫
dE
∑
l,m
p
4pi
(
ξl,m(E) ξ′l,m(E)
−
1
2
|ξl,m(E)|
2 −
1
2
|ξ′l,m(E)|
2
))
, (11)
Sine we use the interation piture, the amplitude of a
state is independent of the radius R,
S0(ψξ) = ρR,0(ψR,ξ) = exp
(∫
dE
∑
l,m
p
8pi
(
ξl,m(E)ξl,−m(−E)− |ξl,m(E)|
2
))
. (12)
We turn to the theory with soure eld µ given by the
ation (4). Working out the orresponding path integral
(9) when the soure is onned to the interior of the
hyperylinder of radius R yields,
Sµ(ψξ) = S0(ψξ) exp
(
i
∫
d4xµ(x)ξˆ(x)
)
· exp
(
i
2
∫
d4xd4x′ µ(x)GF (x, x
′)µ(x′)
)
, (13)
where GF is the Feynman propagator. ξˆ is the omplex
solution of the Klein-Gordon equation given by
ξˆ(t, r,Ω) =∫
dE
∑
l,m
p
2pi
ξl,m(E)jl(pr)e
iEtY −ml (Ω). (14)
Here, jl denotes the spherial Bessel funtion of the rst
kind. We note that this equation puts into orrespon-
dene oherent states with omplex solutions. Sine (13)
does not depend on the radius R, the restrition on µ to
vanish outside of R may be lifted.
As before, we use funtional methods to work out the
asymptoti amplitude for the general interating theory.
Take the ation (7) and assume at rst that the intera-
tion is ut o outside the radius R, i.e., V ((t, x), a) = 0 if
|x| ≥ R. The amplitude (9) with (7) inserted then yields
S(ψξ) =
exp
(
i
∫
d4xV
(
x,−i
∂
∂µ(x)
))
Sµ(ψξ)
∣∣∣∣
µ=0
. (15)
Again, there is no expliit dependene on R so we an
drop the uto. Then (15) is the asymptoti amplitude
of the interating theory.
EQUIVALENCE OF STATES AND ASYMPTOTIC
AMPLITUDES
It is striking how muh the expressions for the usual S-
matrix and the spatially asymptoti amplitude resemble
eah other. It should be emphasized that this is a priori
not at all obvious. In partiular, the fat that both in
(5) and in (13) the same Feynman propagator appears is
rather non-trivial.
Let us explain this a little. The exponential term on-
taining the Feynman propagator in (5) arises in the form
exp
(
i
2
∫
d4xµ(x)α(x)
)
. (16)
where α is a omplex solution of the inhomogeneous
Klein-Gordon equation ( +M2)α = µ. α must satisfy
boundary onditions at early and at late time. Expand-
ing α in terms of plane waves as
α(t, x) =∫
d3k
(2pi)32E
(
α+(t, k)e−i(Et−kx) + α−(t, k)ei(Et−kx)
)
,
(17)
the boundary onditions are α+(t, k) = 0 for early times t
before the soure is swithed on and α−(t, k) = 0 for late
times t after the soure is swithed o. These are just the
Feynman boundary ondition leading to the substitution
α(x) =
∫
d4x′GF (x, x
′)µ(x′).
Similarly, in the hyperylinder setting the exponential
ontaining the Feynman propagator in (13) also arises
from an expression of the form (16). Again α is a om-
plex solution of the inhomogeneous Klein-Gordon equa-
tion. However, this time the boundary onditions for α
arise at large radius rather than at large (early or late)
time. Expanding α in terms of plane waves in time and
spherial harmonis in spae,
α(t, r,Ω) =
∫
dE
∑
l,m
(
α<l,m(r, E)hl(pr)e
−iEtY ml (Ω)
+α>l,m(r, E)hl(pr)e
iEtY −ml (Ω)
)
, (18)
4the boundary ondition is α>l,m(r, E) = 0 for large radius
r outside of the soure eld µ. Surprisingly, this bound-
ary ondition turns out to be equivalent to the Feynman
boundary ondition, yielding the same propagator. We
shall elaborate more on this elsewhere [10℄.
If states and amplitudes assoiated with hyperylin-
ders yield as valid a desription of physis as the usual
one we should be able to ompare the desriptions and
even onlude their equivalene. Indeed, onsider a pro-
ess (represented by an interation) that is bounded in
spae and in time. It should be possible to desribe it ei-
ther via usual transition amplitudes for suiently early
initial time and late nal time, or through amplitudes for
a solid hyperylinder of suiently large radius. What
is more, when we let the region where the proess takes
plae grow arbitrarily large (in spae and in time) we
should still get equivalent results. This is indeed the
ase.
To ompare the two settings we need a map between
the dierent boundary state spaes. In the standard set-
ting the boundary state spae assoiated with the inter-
val [t1, t2] is the tensor produt Ht1 ⊗ H
∗
t2
. (The dual
at t2 is related to the fat that we should think of nal
states as bra-states rather than ket-states.) We denote
the state spae assoiated with the hyperylinder of ra-
dius R by HR. Thus, we are looking for an isomorphism
of Hilbert spaes Ht1 ⊗ H
∗
t2
∼= HR. What is more, the
relevant (asymptoti) amplitudes should be equal under
this isomorphism. Comparing (5) with (13) shows that
this an be true only if the isomorphism is given as fol-
lows: ψη1 ⊗ ψη2
∼= ψξ if and only if ηˆ = ξˆ. As we have
remarked before, (6) and (14) really establish bijetive
orrespondenes between lassial solutions and oher-
ent states. Hene, the proposed isomorphism is really
bijetive. Moreover, it is indeed an isomorphism (i.e.,
preserves the inner produt). One also easily heks that
the free amplitudes (3) and (12) are equal under the iso-
morphism. The same follows for the amplitudes with
soure (5) and (13). Finally, it is then obvious that the
asymptoti amplitudes with general interation (8) and
(15) also oinide.
Using the denition of partile states on the hyper-
ylinder from [4℄, it is easy to verify that the isomorphism
of state spaes onstruted above indeed sends an in-state
with m partiles and an out-state with n partiles to a
states with m+n partiles on the hyperylinder. What is
more, the latter have quantum numbers (the sign of the
energy) that identify them orretly as in- or out-going.
However, the meaning of in- or out-going is then with
respet to the region dened by the solid hyperylinder.
This reinfores the notion that in- versus out-going is not
primarily a temporal property, but a spatiotemporal one
[3, 4℄. It indiates whether a partile goes into or omes
out of the (interation) region of interest.
It is also lear how rossing symmetry in the hyper-
ylinder ase is simply impliit in the fat that all parti-
les are part of a single state spae. One ould then view
the isomorphism of state spaes as yielding a derivation of
rossing symmetry of the S-matrix in the standard setup.
It remains to remark on the probabilities extrated
from the S-matrix. In [4℄ it was shown how the general-
ized probability interpretation introdued in [2℄ applies
to amplitudes assoiated with the solid hyperylinder.
Using the methods of [4℄ one an then show that the
usual probability interpretation of the S-matrix arises as
a speial ase.
This work was supported in part by CONACyT grants
47857 and 49093.
∗
Eletroni address: olosimatmor.unam.mx
†
Eletroni address: robertmatmor.unam.mx
[1℄ S. B. Giddings, Boundary S Matrix and the Anti-de Sitter
Spae to Conformal Field Theory Ditionary, Phys. Rev.
Lett. 83 (1999), 27072710, hep-th/9903048.
[2℄ R. Oekl, General boundary quantum eld theory: Foun-
dations and probability interpretation, Adv. Theor. Math.
Phys. 12 (2008), 319352, hep-th/0509122.
[3℄ R. Oekl, States on timelike hypersurfaes in quantum
eld theory, Phys. Lett. B 622 (2005), 172177, hep-
th/0505267.
[4℄ R. Oekl, General boundary quantum eld theory: Time-
like hypersurfaes in Klein-Gordon theory, Phys. Rev. D
73 (2006), 065017, hep-th/0509123.
[5℄ G. Segal, The denition of onformal eld theory, Topol-
ogy, geometry and quantum eld theory, Cambridge Uni-
versity Press, Cambridge, 2004, pp. 421577.
[6℄ R. Oekl, Probabilites in the general boundary formu-
lation, J. Phys.: Conf. Ser. 67 (2007), 012049, hep-
th/0612076.
[7℄ R. Jakiw, Analysis of innite-dimensional manifolds
Shrödinger representation for quantized elds, Field the-
ory and partile physis (Campos do Jordão, 1989),
World Sienti, River Edge, 1990, pp. 78143.
[8℄ L. D. Faddeev and A. A. Slavnov, Gauge elds. Introdu-
tion to quantum theory, 2nd ed., Addison-Wesley, Red-
wood City, 1991.
[9℄ C. Itzykson and J.-B. Zuber, Quantum Field Theory,
MGraw-Hill, New York, 1980.
[10℄ D. Colosi and R. Oekl, Spatially asymptoti S-matrix
from general boundary formulation, Phys. Rev. D 78
(2008), 025020, arXiv:0802.2274.
